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Abstract. We study supersymmetry breaking effects in N = 1 SYM from the point of view of quantum
effective actions. Restrictions on the geometry of the effective potential from superspace are known to be
problematic in quantum effective actions, where explicit supersymmetry breaking can and must be studied.
On the other hand the true ground state can be determined from this effective action, only. We study the
problem whether some parts of superspace geometry are still relevant for the effective potential and discuss
whether the ground states found this way justify a low energy approximation based on this geometry.
The answer to both questions is negative. Essentially non-semiclassical effects change the behavior of the
auxiliary fields completely and lead to the demand of a new interpretation of superspace geometry. These
non-semiclassical effects can break supersymmetry.

1 Introduction

The question whether supersymmetry is spontaneously
broken or not is of fundamental importance. Many re-
sults concerning this problem have been derived in the
literature. We know that perturbative corrections do not
break supersymmetry. What happens non-perturbatively
is not yet clear since there is no mathematical tool avail-
able to describe this regime. Our knowledge of the be-
havior of non-Abelian gauge theories is restricted to per-
turbative results, semiclassical analysis and simulations
on the lattice. But the ground state of any non-Abelian
gauge theory that is not broken down completely (up to
U(1) factors) is characterized by non-perturbative effects.
Supersymmetry does not help us in this situation. On the
contrary: many supersymmetric models (e.g. N = 2 SYM)
are completely unacceptable in the perturbative region, as
the perturbative β function develops a Landau pole. Ex-
ploring the non-perturbative region is not at all simpler
than in ordinary QCD: measurements from the lattice are
not yet available as the Euclidean formulation of the the-
ory is very difficult.

Besides many other models the question of dynamical
supersymmetry breaking has been answered for N = 1
SYM using the Witten index [1] and low energy effective
Lagrangian calculations [2]. Different instanton calcula-
tions [3–5] as well as the concept of Wilsonian low energy
effective actions [6] agree with the scenario of unbroken su-
persymmetry. But all these calculations have a conceptual
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problem in common: Supersymmetry breaking as a hys-
teresis effect cannot be studied, as explicit supersymmetry
breaking is impossible to include (the notion of hysteresis
effects in quantum field theories is discussed in Sect. 2).
Consequently many spontaneous effects have to be intro-
duced by assumption, which could anticipate the (non-)
existence of dynamical supersymmetry breaking. The as-
sumption of unbroken supersymmetry has important in-
fluence on the picture of superstring theory: Directly as
in certain limits flat field theories appear on the branes
of string theories and indirectly by establishing duality
arguments within supersymmetry.

In this work we want to discuss once more the ques-
tion of dynamical supersymmetry breaking from a very
fundamental point of view. First we introduce the basic
concepts used to determine the vacuum structure of quan-
tum field theories (hysteresis effects) and apply them to
N = 1 SYM. Such hysteresis effects have already been
studied for N = 1 and N = 2 SYM in [7, 8]. But these re-
sults are incomplete as well: First it is difficult to compare
them with other calculations as a non-standard structure
of the QCD vacuum plays an important role and second
the geometric approach used therein is known to be prob-
lematic in quantum effective actions.

The second part of this paper is devoted to the dis-
cussion of this last point: the relevance of superspace ge-
ometry in the context of quantum effective actions and
its connection to other formulations like Wilsonian low
energy effective actions or effective Lagrangians. It is of
main importance as from our point of view only the quan-
tum effective action can tell us the correct ground state.
A justification of the geometric approach for effective La-
grangians or Wilsonian effective actions must thus be de-
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rived therefrom. Our result suggests that this cannot be
done: A consistent description of the quantum effective ac-
tion is found together with non-semiclassical effects only.
These non-semiclassical effects can break supersymmetry
and demand a new interpretation of superspace geome-
try. An alternative scenario is possible: Supersymmetry
is unbroken but has a phase transition in the variation
of the gluino mass at m = 0. We suspect that the re-
sulting theory is highly infrared sick and probably does
not exist at all. Of course these results are not free of as-
sumptions either. As exact results are not obtainable we
follow the philosophy of semiclassical analysis as far as
needed to be able to make any statements. Especially we
assume that we can define composite operators and their
vacuum expectation values and that the unphysical fields
from quantization need not be included explicitly.

In this paper we mainly want to collect known results
from non-perturbative supersymmetry as well as non-per-
turbative QCD and classify them from the point of view
of the fundamental question: “How do we find the true
ground state of a quantum field theory?” We propose a
new scenario for the dynamics of SYM, but this result is
rather speculative. First steps towards a concrete model
of this type will be presented elsewhere [9].

This paper is organized as follows: In Sect. 2 we review
some basic facts about non-perturbative field theories and
hysteresis effects. Here we formulate our recipe how to
find the true ground state of a quantum field theory. Sec-
tion 3 applies these ideas to N = 1 SYM and compares
our ansatz with other low energy approximations known
in the literature. In Sect. 4 constraints on dynamical super-
symmetry breaking independent of our approach are dis-
cussed. It is shown in Sect. 5 that the standard interpreta-
tion of SYM theory is not compatible with all constraints
on the dynamics found so far. A (rather speculative) way
out of this is developed (Sect. 5) and discussed in Sect. 6.
Therein we also comment on the Witten index and on al-
ternative approaches to the low energy dynamics of SYM.
Finally we give some comments about more complicated
models (Sect. 7) and draw our conclusions (Sect. 8).

2 Non-perturbative QFT
as thermodynamical limit

In this section we want to review some basic aspects of
non-perturbative quantum field theory and discuss its rel-
evance for a modern approach to a 4D QFT, where exact
calculations in the non-perturbative sector are not avail-
able. Physical amplitudes are derived from the generating
functional of the Green functions ZM or from the heat
kernel ZE, written as path integrals:

ZM[J ] =
∫

DφeiSM(φ,J), ZE[J ] =
∫

Dφe−SE(φ,J), (1)

where SE is the Wick rotated action of SM. At least for-
mally we can define associated to every source extension
of a classical action an effective action and an effective
potential. These quantities are obtained by a Legendre

transformation with respect to the sources and the new
variables are called classical fields:

ZM[J ] = eiW [J],
δW [J ]
δJ(x)

= J̃ = 〈Ω|φ(x)|Ω〉J , (2a)

Γ [J̃ ] =
∫

d4x

(
J(x)

δW [J ]
δJ(x)

)
−W [J ] ,

Veff =
1
V 4 Γ [J̃ ]

∣∣∣
p→0

. (2b)

The above definitions are given in Minkowski space; anal-
ogous definitions for Euclidean space follow straightfor-
wardly. In the last equation V 4 is the space-time volume
and the φ are the operators associated with the sources
J . They may be basic field operators as well as composite
ones. In the first case the effective action is often called
the 1PI effective action, as it is the generating functional
of the 1PI irreducible graphs. Not every source extension
can lead to a well-defined effective action. The mapping
J → J̃ must be one-to-one and consequently the effective
potential is always a convex function in the classical fields.
We will discuss some of these problems when defining our
supersymmetric effective action. If Γ [J ] exists, it defines
thermodynamical relations between the sources and the
spontaneous parameters of the associated operators. In
the limit V 4 → ∞ we have to turn off all sources in order
to re-obtain our original theory and thus

δ

δJ̃
Γ [J̃ ] = J(x) → 0,

δ

δJ(x)
W [J ] = J̃ → J̃∗. (3)

A non-vanishing value of J̃∗ indicates the appearance of
a spontaneous parameter (vacuum expectation value).

While the meaning of the path integral is well under-
stood in perturbation theory, its interpretation in the non-
perturbative sector is not straightforward. As we are try-
ing to derive the properties of a quantum field theory from
a classical expression like the action we can use the results
of constructive field theory as a guide (see e.g. [10, 11] for
a review of constructive quantum field theory). It is well
known that we can solve a theory by introducing an UV
and an IR regularization only. Many examples of pertur-
bative and non-perturbative UV regularization schemes
are known and it is an important feature of a well-defined
theory that the resulting dynamics is independent of the
regularization scheme. The issue of renormalization in the
UV region is not a topic of our work. Rather we assume
that it can be performed not only in perturbation the-
ory but also in the non-perturbative region. Especially we
assume that the definition of an operator in perturbation
theory can be extended to the non-perturbative region and
that we can give an interpretation of its vacuum expecta-
tion value.

The IR regularization plays a quite different role: In
the context of perturbation theory a complete interpreta-
tion has been given by Bloch and Nordsieck [12] and by
Weinberg [13], while it plays an essentially different role in
non-perturbative dynamics, which we want to discuss in
the remainder of this section. How should we choose the
IR regularization? If the classical theory has a mass gap
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we only need to restrict the trilinear and cubic interactions
to a compact support, otherwise (as in gauge theories) we
essentially have to put the theory into a finite volume.
In the latter case we are confronted with the problem of
choosing boundary conditions (BCs). We further have to
distinguish fermions from bosons.
(1) The fermionic path integral is defined as the functional
determinant of the corresponding operator. Therefore the
eigenvalue problem has to be studied, which makes it un-
derstandable that even the infinite volume limit can de-
pend on the BCs. An additional problem appears when
regularizing the theory on topological spaces. Zero modes
(instantons) then appear and the functional determinant
is zero if at least one fermion is massless. We should re-
member that the definition of the partition function is only
meaningful when attaching sources. Introducing sources
η and η̄ for the fundamental fermion fields the partition
function in the presence of k zero modes ξi can be written
as

Z[η, η̄] =
k∏
1

〈η̄|ξi〉〈ξ̄i|η〉 (4)

× exp
{

−
∫

d4xd4yη̄(x)Ge(x, y)η(y)
}

det′(iO),

where Ge(x, y) is the Green function on the space orthog-
onal to the zero modes and the prime indicates that the
determinant is calculated over the non-zero eigenvalues
only. A detailed but rather technical discussion of this
problem has been given by Rothe and Schroer [14], see
also [15]. Simple counting of zero modes shows that the
chiral condensate of a theory regularized on the sphere
or on the torus vanishes identically for Nf > 1 [16, 17].
This boundary effect does not have any physical meaning
for the theory at infinite volume but is a wrong choice of
IR regularization. The example shows how certain (not
even exotic but very popular) BCs can lead to wrong con-
clusions if the thermodynamical limit is interpreted too
naively. For further discussions and possible BCs solv-
ing the above problem we refer to different studies of the
Schwinger model [15, 17–19].
(2) No simple interpretation of the path integral is avail-
able for bosons but it is said to be the “sum over all pos-
sible paths”. This is misleading in any model with degen-
erate vacua (e.g. due to symmetry breaking). This can be
seen in simple examples as φ4 in the Higgs phase or a
one-dimensional ferromagnetic spin chain. The rotational
symmetry is not anomalous and we can choose an UV reg-
ularization respecting the latter. Choosing BCs respecting
the symmetry as well we get vanishing expectation values
of the scalar field or of the spontaneous magnetization,

〈Ω|φ|Ω〉 =
∫

DφeiSφ = 0, (5)

as the regularized path integral and the action are even
under the symmetry while the field is odd. The simplest
realization of this situation is the spin chain regularized
on a circle. A straightforward interpretation of this ef-
fect exists: The theories do not have a single vacuum, but

infinitely many ones connected by symmetry transforma-
tions. To get a meaningful result one has to avoid integrat-
ing over all vacua, but one has to pick out one of them
which is done by an appropriate choice of “boundary con-
ditions” [11] (we put this in quotation marks to indicate
that there are many ways to impose such a constraint).

Physical interpretations of this behavior can be given:
In the presence of spontaneous parameters there exist
phase transitions and indeed in this case boundary terms
can get larger than volume terms. Considering the vac-
uum state in the limit V 4 → ∞, the latter must be a pure
state, while ground states in the finite volume are in gen-
eral not pure. Thus the above “vacua” of the φ4 theory
are not acceptable. Although formally correct these inter-
pretations of the phenomena fail to be applicable here:
They assume that we know the vacuum expectation val-
ues (VEVs) of the Hamiltonian as well as of the basic field
operators (in other words the redefinitions H → H′ and
φ → φ′ such that 〈Ω|H′|Ω〉 = 0 and 〈Ω|φ′|Ω〉 = 0). If this
is known we can choose one such φ′ = φ − 〈Ω|φ|Ω〉 and
the scalar path integral is extended over the dynamical
part φ′, only. In this work however we would like to use
the thermodynamical limits to determine the above shifts
and therefore these interpretations can be given a poste-
riori only. Different thermodynamical limits (i.e. infinite
volume limits starting from different finite volume prepa-
rations of the system) are therefore treated independently
although the final result may give a definite interpreta-
tion of the “wrong” limits in terms of the limits actually
leading to the correct ground state. How can we read off
the correct vacuum expectation values? The idea is rather
simple: At least one limit (or one class of limits defined
up to symmetry transformations) does lead to the cor-
rect ground state. The latter is defined to be the absolute
minimum of the effective potential. Therefore we have to
calculate the limits from all possible perturbations (we call
these states trial vacua |0〉) and pick out the one(s) that
minimize the effective potential:

|Ω〉 = min
Veff

{|0〉}. (6)

We should give some additional comments: We noted
above that the effective potential is a convex function and
thus there can exist only one minimum for it. This is true
for one particular set of sources and BCs. Here we are
speaking about all possible perturbations and they can
lead in principle to infinitely many different convex func-
tions, each having some minimum. These different minima
need not be physically equivalent but are exactly the trial
vacua |0〉. In this generalized sense the effective potential
(being the set of all possible convex effective potentials)
can now have more than one minimum and the correct
ground state is indeed the absolute minimum with respect
to the energy.

The perturbations can be boundary conditions or
global sources [7, 8, 20, 21]. In the latter case sources are
no longer seen as spatial restricted perturbations (typi-
cally as δ functions) but are extended over a large part
of space-time, though the boundary condition J(x) → 0
for x → ∞ still holds. The sources can then be seen as
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new coupling or mass parameters of the theory that have
the following special features: First their value is not fixed
(to obtain the original theory they have to be turned off
in the end) and second, an associated classical field can
be defined. A simple realization can be seen as follows
[7, 21]: We split the finite volume V into a part Vsub and
V \Vsub. V \Vsub shall contain the whole boundary. Now we
can choose the sources non-vanishing but constant inside
Vsub and vanishing outside. The thermodynamical limit
is taken as Vsub ⊂ V → ∞ and the sources are getting
relaxed in the end.

Using the concept of global sources the effective action
can depend formally on both, the sources and the clas-
sical fields: In the above limit the sources are constant,
J(x) = J0, in (almost) the whole space-time and the pro-
cedure can be seen as a choice of new boundary conditions
J(x) → J0 (x → ∞). The variation with respect to the
source is then a small perturbation on its constant part.
Defining J = J0 + ∆J(x), J0 is irrelevant in the process
of the variation (δ/δJ(x))W [J ] = J̃(x). But of course the
classical field itself depends on the value of J0. We can
then see the effective action as a function of the classi-
cal field and the constant source Γ = Γ [J̃ ;J0], where J̃
itself depends on J0. Of course this is much the same as
introducing a coupling constant J0 and attaching a local
source ∆J to the same operator as J0 and the dependence
on the static part of the source plays a similar role as the
dependence of the effective action on any coupling con-
stant. Nevertheless we use the notion of global sources to
keep track of the role of all parameters.

Global sources are especially useful if they generate a
classical mass gap inside the perturbed region and make
BCs (at least for the corresponding fields) irrelevant. As an
example the above mentioned problem of vanishing chiral
condensates can be solved without introducing different
BCs but by attaching a global source having the effect of
a fermion mass.

We should be careful with the limits of this prescrip-
tion: We can always find the correct minima of the po-
tential but the corresponding effective action needs not
describe the correct dynamics. This can e.g. happen if a
theory with instanton-like effects is perturbed in such a
way that all or some instantons are getting suppressed.
Our theory may be non-Hamiltonian, too. In this case we
will find more than one ground state (up to symmetries)
and the actually chosen state will depend on an external
parameter.

Of course this program can be realized in principle,
only. But there is a simple way to extract the relevant
perturbations: To make the breaking of a symmetry visi-
ble, we need a trigger of the latter in the IR regularized
theory. Therefore the interesting perturbations break the
symmetries in question. In analogy to a spin system we
call a spontaneous parameter, associated with such a per-
turbation, a hysteresis effect. Further restrictions on the
choice of sources arise from the renormalization procedure:
Symmetry invariance or covariance of the classical system
including all sources must be extendible to the quantum
theory. Otherwise the corresponding symmetries are not

realized on the level of the effective action. Moreover the
perturbation must hold two stability conditions. First the
resulting trial vacuum should be stable in a renormaliza-
tion group analysis. This means that the classically trivial
relaxing of the sources has a meaning in quantum theory:
when turning the classical sources off the quantum system
tends towards (and finally reaches) the original system. In
addition a Minkowskian theory can have unstable poten-
tials. Indeed the vacuum-to-vacuum transition probability
|〈Ω(t = +∞)|Ω(t = −∞)〉|2 = |eiW |2 = e−2ImW is < 1 if
the effective potential is complex, leading to a decay of the
vacuum. Thus the effective potential must be real at any
point of the perturbed system. If (at least in some range of
the source parameters) the above conditions are met and
the renormalized quantities stand in a one-to-one corre-
spondence to the classical ones we can freely replace (in
that range) the classical parameters by the renormalized
ones.

As an application of this principle we note that it de-
termines the value of θ in any QCD-like theory uniquely.
This has been studied in detail in the appendix of [8] us-
ing the instanton picture. We will see that S4 or T 4 as
regularization spaces of the heat kernel or the generat-
ing functional of SYM are not sensitive to supersymmetry
breaking. However the arguments given in [8] straightfor-
wardly extend to any regularization space where θ has a
non-trivial meaning as well as to perturbations by fermion
masses (note that you have to introduce sources to both
operators ψ̄ψ and iψ̄γ5ψ). This is especially true when us-
ing local boundary conditions (e.g. “bag” BCs [17, 19]) or
in a quantization on the light cone [22].

3 The effective action of N = 1 SYM

We want to apply the program sketched above to N = 1
SYM. The Lagrangian is given by

L =
1

8C(G)

(∫
d2θτTrWαWα + h.c.

)
+ GF + ghost,

Wα = −D̄2(e−VDαeV ), (7)

with the prepotential V used to quantize the theory in
superspace. We work in Minkowski space with the gener-
ating functional

Z[J ] =
∫

Dφei(S0(φ)+SJ (φ,J)). (8)

To decide whether supersymmetry is broken dynamically
or not we introduce a set of global sources that
(1) break supersymmetry as well as chiral symmetry;
(2) connect the supersymmetric theory with some config-
uration where other dynamical effects (confinement, glue-
ball) are (though not understood) well accepted;
(3) could still be sensitive to the special geometry of su-
persymmetric theories.

The above conditions are satisfied by the concept of
local couplings, where the coupling constant is replaced
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by a chiral superfield [7]. We define a quantum effective
action

Γ [J̃ , J̃ ] =
∫

d4x

(
J(x)

δW [J ]
δJ(x)

+ h.c.
)

−W [J, J̄ ], (9)

where J = τ + θη − 2θ2m is the local coupling superfield.
Γ [J̃ , J̃ ] and W [J, J̄ ] are connected by thermodynamical
equilibrium conditions and in the thermodynamical limit
the effective action obeys the (anomalous) Ward identi-
ties [7, 8]. The chiral source field defines a set of three dual
fields J̃ . Its components are the VEV of the Lagrangian, of
the gluon condensate and of a spinor, which represents the
goldstino in case of broken supersymmetry. The following
assumptions have to be made to be able to discuss su-
persymmetry breaking in a similar way to Veneziano and
Yankielowicz [2]: The above effective action exists at least
in its static limit and therein the classical fields J̃ can
be re-combined to a chiral superfield obeying the stan-
dard supersymmetry transformation rules. We would like
to make some comments on this.
(1) The gluino condensate is certainly a natural perturba-
tion for use to study dynamical supersymmetry breaking.
The latter is expected to be connected to other dynamical
effects of which chiral symmetry breaking is the only one
accessible directly. Nevertheless other or additional break-
ing terms can be introduced at the classical level. Renor-
malization group analysis however suggests that such hard
supersymmetry breaking terms are forbidden due to insta-
bilities of the supersymmetric solution [23–27]. Although
this is not of main interest in this context we would like
to note that the same is true for possible gauge-symmetry
breaking terms [28–30].
(2) Once we have identified the gluino term as the only
reasonable perturbation, we can try to construct a chiral
field from the classical variables having all the properties
required. In perturbation theory such a field, the anomaly
multiplet, in fact exists. It has been constructed in the
Wess–Zumino model and in SQED and its existence has
been proven in the non-Abelian case [31–34].
(3) In perturbation theory N = 1 SYM with a local cou-
pling constant has been studied recently [35, 36]. This au-
thor finds an anomalous breaking of supersymmetry, as
the conditions

S(Γ ) = 0,
∫

d4x

(
δ

δτ
− δ

δτ̄

)
Γ = 0 (10)

cannot be satisfied simultaneously if the coupling is space-
time dependent (S denotes the Slavnov–Taylor operator),
but there appears an anomaly in one of the above iden-
tities. If the anomaly is put into the Slavnov–Taylor op-
erator the simple notion of superfields is lost. But we can
put the anomaly into the (τ–τ̄) identity as well. Then su-
perspace is still valid and we can expect that the effective
action is an integral over the standard superspace. A more
detailed discussion of the relevance of this work for the
conclusions of this paper must be postponed to a future
publication.

3.1 Quantum or Wilsonian effective action?

Besides other models N = 1 and N = 2 Yang–Mills the-
ories without [2, 37] and with matter fields [38–42] have
been studied using the concept of Wilsonian low energy
effective actions (LEEAs) or in the first case of a low en-
ergy effective Lagrangian. In combination with instanton
calculations these concepts have been extremely successful
to explore the non-perturbative region of supersymmetric
gauge theories. As our comments on and our criticism of
these concepts do not rely on the details of the results we
do not want to repeat them at this place. Besides the orig-
inal works cited above the results have been summarized
in several review articles and lecture notes [43–49]. The
motivation to use LEEAs instead of quantum effective ac-
tions (QEAs) is twofold: The authors would like to have
an expression local in the fields, representing all relevant
dynamics at low energies and they assume that the su-
perspace can be reconstructed on the level of these fields
completely. The low energy dynamics can then be written
as

Leff =
∫

d4θK(Φ, Φ̄, J, J̄ , Λ)

+
(∫

d2θW (Φ, J, Λ) + h.c.
)
, (11)

where Φ represents the quantum fields, J the local cou-
pling and Λ the scale of the Wilsonian action. Local cou-
plings and scale explicitly appear in the LEEA only and
are treated as background fields. In both formulations any
additional parametrical dependence (not expressible as an
integral over superspace) is excluded. The main restriction
on the above form is the holomorphic dependence of the
superpotential on its fields. Thus every field appearing in
the superpotential must depend on other fields in a holo-
morphic way as well. The kinetic term of the gauge fields
is usually written as a chiral integral, but in contrast to
the superpotential the latter is not irreducible and thus
the non-renormalization theorem does not hold for this
term. Nevertheless the effective kinetic part in the low en-
ergy approximation is written as a chiral integral and the
holomorphy restriction is imposed. It follows that the β-
function of SYM must be a holomorphic function. This
condition does not apply to QEAs, which should not sur-
prise, as the renormalization scheme itself does not have
such a holomorphy constraint for the renormalized cou-
pling constant. To escape this problem Shifman and Vain-
shtein introduced the notion of Wilsonian low energy ef-
fective actions within supersymmetry [6, 50]. Indeed the
coupling constant of the LEEA differs from the one of
the QEA by renormalization effects. The authors come to
the conclusion that these effects turn the non-holomorphic
coupling constant of the QEA into a holomorphic one of
the LEEA. Further discussions of this effect have been
given by Dine and Shirman [51]. The same result was ob-
tained by Arkani-Hamed and Murayama [52] using a dif-
ferent picture than Shifman and Vainshtein. Although we
do not agree with the treatment of the vacuum angle that
serves as an example for N = 1 SYM in [50], we insist that
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non-locality and the non-holomorphic dependence are cru-
cial characteristics of QEAs.

The first important observation leading to results dif-
ferent from the ones cited above is the following: In our
opinion we have to adjust the construction principle to the
QEA and not the other way around, though a semiclassi-
cal ansatz for the QEA may be more difficult to find. As
pointed out in Sect. 2 we have to study the hysteresis curve
of explicitly broken supersymmetry back to the supersym-
metric point and the natural formulation of this program
is the QEA, while the above described LEEA does not
help us in this situation (though the low energy effective
Lagrangian of Veneziano and Yankielowicz is conceptu-
ally different from the Wilsonian LEEA it suffers from
the same problem; this will become clear in the discussion
of Sect. 5). Whether there exists a holomorphic coupling
constant allowing the formulation in the form of a LEEA
must be answered after the true ground state has been
found using the QEA. We should not expect that this is
possible: From the perturbative analysis of SYM with local
coupling constant [35, 36] it has been found that the ori-
gin of the non-holomorphic dependence of the β-function
is essentially different from the propositions in [6, 50] and
[52] and that a simple redefinition of the coupling con-
stant as proposed in the latter works cannot lead to a
holomorphic coupling constant. In the language of [35, 36]
Shifman and Vainshtein assume that the LEEA can be for-
mulated using invariant counterterms only. Indeed in this
case the β-function is strictly 1-loop and the coupling con-
stant holomorphic. But it is not evident why the invariant
counterterms should play a preferred role. Shifman and
Vainshtein argue that all effects from non-invariant coun-
terterms are IR divergences and are thus regularized in
the LEEA. Kraus does not come to the same conclusion.

Let us assume for a moment that the point of view by
Shifman and Vainshtein is correct. Why should we then
look at the LEEA instead of the QEA? Following Shif-
man and Vainshtein we should look at the LEEA as this
quantity alone is free of infrared subtleties. In the original
paper introducing this concept [6] this is rather seen as a
trick to obtain a holomorphic β-function, the LEEA is not
seen as a physical object. In [50] the authors revised this
opinion and they concluded that the objects (especially
the value of the coupling constant) from the LEEA are
physical, in contrast to their counterparts from the QEA.
From our point of view this is a misunderstanding of the
infrared problem of these theories. The serious infrared
problem in perturbation theory is (hopefully) an effect of
a wrong expansion and is getting removed in the non-per-
turbative region by the dynamical formation of a mass
gap, a fact that Shifman and Vainshtein implicitly have
to assume as well. There exist exactly two possibilities for
the non-perturbative behavior of the theory.

(1) The IR problem is getting solved. Then we can freely
remove any IR regulators and there exists no conceptual
reason to prefer the LEEA (or any other IR regularized
formulation) compared to our QEA, but our discussion
shows that we are forced to use the QEA (or an equiv-
alent formulation including the full dynamics): Such a

formulation alone can show how the IR divergences are
getting removed, i.e. which symmetries survive this pro-
cedure and which are broken dynamically. By introducing
an arbitrary IR regulator, Shifman and Vainshtein remove
the relevant part of the dynamics by hand and thus miss
an interesting point in the discussion of supersymmetry
breaking.

(2) The infrared problem is not getting solved. Then in-
deed the QEA is ill defined but the LEEA is useless as
well as the underlying QFT does not exist at all. Clearly
we have to exclude this possibility by assumption.

We can now give a more detailed formulation of the
assumptions made for our QEA.

(1) Like Veneziano and Yankielowicz we assume that all
relevant low energy degrees of freedom are represented by
the fields dual to J , i.e. the Lagrangian itself, the gluino
condensate and the would-be goldstino in the case of spon-
taneous supersymmetry breaking.

(2) We assume that the explicitly broken theory with mas-
sive gluinos has a low energy behavior similar to QCD and
that it does not undergo any phase transitions when vary-
ing m.

(3) The effective action defined in this way is a supersym-
metric extension of the 2PI effective action constructed in
perturbation theory by Cornwall, Jackiw and Tomboulis1
[53–55]. In order to avoid misunderstandings we shortly
want to comment on the relevance of this work for our
construction: To get a perturbative approximation to the
quark potential a bi-local source

∫
d4xd4yq̄(x)K(x, y)q(y)

is introduced and the effective action in the presence of
this source is calculated directly. As a result a local (chiral
symmetry breaking) minimum is found, but the effective
action is not bounded from below, but falls off to −∞ as
the dual field to the source is going to infinity. Using this
effective action in our recipe for finding the physical mini-
mum would lead either to the conclusion that the situation
is unstable, or that our procedure is not applicable. But
this is incorrect: Our procedure insists on the QEA be-
ing the Legendre transform of the energy functional W [J ]
as given in (2) and thus being convex. Direct calculations
of the QEA need not lead to convex functions: Several
minima can occur and the function needs not be bounded
from below. Before such a QEA can be used in our pro-
cedure the convex shell has to be taken, removing in our
case the instability. Indeed the local minimum of the QEA
by Cornwall, Jackiw and Tomboulis is physical, while the
instability stems from the non-locality of the source [56].

(4) Within the restrictions already discussed the QEA
should then be well defined for finite m. The defining
fields are the classical fields of the Lagrangian multiplet
J̃ ∼ 〈Ω|(1/8C(G))TrWαWα|Ω〉 and we assume that su-
perspace can be reconstructed on these three components
at least for the local part in the static limit. To distinguish

1 The author would like to thank J.-P. Derendinger for draw-
ing his attention to this work



L. Bergamin: Dynamical symmetry breaking in SYM theories as a non-semiclassical effect 97

this superfield from the set of its components we will refer
to it as Φ:

Φ = ϕ+ θψ + θ2L, ϕ ∼ 〈Ω|λλ|Ω〉,
〈Ω|L|Ω〉 ∼ τL+ h.c. (12)

N = 2 SYM shows explicitly that the local part of the
QEA derived this way is unacceptable as a dynamical re-
sult [8].

Although the theory can now be formulated using the
dual fields only, it is useful to re-introduce some sources as
discussed in Sect. 2. This is specifically done for the sources
breaking the symmetries in question, as the trigger term
is the constant source going to zero in the relaxing limit,
while the value of the spontaneous parameter is an un-
known quantity. For N = 1 SYM this trigger is the gluino
mass and thus Γ [J̃ , J̃ ] is replaced by Γ [J̃ , J̃ ;m0, m̄0] where
m0 is the constant part of the sourcem. As the mapping of
the dual field onto its source must be one-to-one in the re-
gion where the effective action is well defined, we can freely
replace the dependence on the dual field by a dependence
on the re-introduced source. But this dependent variable
is not a function of its dual field only, but can depend on
all dual fields even in a non-holomorphic way (remember
that it plays the role of a coupling constant; renormal-
ization of the latter need not respect holomorphy as our
source extension is not restricted by a non-renormalization
theorem). In contrast to the LEEA of (11) we thus nei-
ther assume that superspace can be reconstructed on the
level of the three possible sources τ , η and m, nor do we
require a holomorphic dependence of the superpotential
on these three parameters. Instead all quantities depend
parametrically thereon.

Note that in our concept the effective action is now a
function of the classical fields (constrained by geometry)
and of the static part of the sources (having a parametrical
dependence and including the YM coupling constant τ).
But this dependence is defined in terms of a single source
multiplet. There exists the possibility to define two source
multiplets, one used in the Legendre transformation and
the other one used as independent variable. Now the ef-
fective action is a functional of local classical fields as well
as of local sources. This conceptually different ansatz has
been discussed in [55].

(5) In the limit of vanishing gluino source m, our concept
of global sources is problematic as

(δ/δτ(x))W |τ→constant = 0

is true for any value of τ if supersymmetry is unbroken.
This just represents the fact that unbroken supersymme-
try for a coupling constant τ means unbroken supersym-
metry for τ + δτ , too. Therefore we have to relax τ to
its quantum-mechanical value before relaxing m. But this
condition is not new as exploring the hysteresis line means
that we relax the source which breaks the symmetry in
question (in our case m) in the very end.

(6) Besides the ones discussed above, other problems of
the QEA especially dangerous to supersymmetric theories

have been raised (see e.g. [43]). We can just stress again
the following points: It is absolutely necessary to allow for
explicit supersymmetry breaking terms regardless of any
unbeloved consequences on the geometry of the theory.
Moreover we have already pointed out that we should use
this procedure to find the minima only. Indeed we are
not able to show that some candidate for the true ground
state found this way is unique, and we can thus never
expect that our QEA captures the whole dynamics over
this ground state correctly.

As final remark of this section we would like to mention
the analogy of our proposals to QCD: In analytic calcu-
lations LEEAs and low energy effective Lagrangians have
not been successful to determine the vacuum structure of
QCD but their success relies on the fact that the vacuum
is known from experiments. We think that this order (first
the vacuum, then the low energy approximation) is crucial
for any theory with a non-perturbative sector that is not
available for exact calculations.

4 Constraints
on dynamical supersymmetry breaking

We want to leave for a moment the construction prin-
ciples of our effective action and discuss some constraints
on dynamical supersymmetry breaking independent of the
problems mentioned above. The first point are current al-
gebra relations that lead to the postulation of a massless
goldstino if supersymmetry is spontaneously broken and
give a constraint on the value of the vacuum energy. If su-
persymmetry is unbroken the covariant Hamiltonian and
its expectation value with respect to an arbitrary state |ψ〉
and to the ground state |Ω〉 are given by

H =
1

2N

∑
i

({Qi1, Q̄1i} + {Qi2, Q̄2i}),

〈ψ|H|ψ〉 ≥ 0,
〈Ω|H|Ω〉 = 0, (13)

where N is the number of supersymmetries and Qiα is the
supercharge of the ith supersymmetry. If supersymmetry
is broken the supercharges are no longer well defined. For
a single supersymmetry with supersymmetry current Sµ,
the local version of the above relation leads to the famous
order parameter of supersymmetry breaking [57]:

∫
d4x∂µ〈Ω|TSµα(x)S̄νβ̇(0)|Ω〉 = 2σρ

αβ̇
〈Ω|Tνρ|Ω〉

= 2σρ
αβ̇
ε0, (14)

and ε0 = 0 means unbroken supersymmetry, ε0 > 0 spon-
taneously broken supersymmetry, while ε0 < 0 would sig-
nal a supersymmetry anomaly. Unfortunately the (pertur-
bative) quantization of gauge theories destroys (13) and
(14): The supercharge of the quantized theory is not time-
independent and the Hamiltonian is not expressible in the
form (13) [58, 59]. A time-independent charge is found af-
ter projecting onto the physical Hilbert space only. At the
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moment we are not able to decide whether the positiv-
ity property of ε0 survives the perturbative quantization
or not. Green functions with one or more insertions of
the supercurrent have been studied recently [60–62] but
the verification of constraints on supersymmetry break-
ing from (14) is not yet possible [63]. This uncertainty
shows the relative importance of all standard arguments
about dynamical supersymmetry breaking as well as our
discussion. We will assume in the following that at least
after projecting onto the physical Hilbert space the pos-
itivity constraint still holds. Within the context of our
work this assumption is certainly justified: If supersym-
metry is really unbroken in perturbation theory, the fun-
damental relations of its algebra must be realized at least
on the physical Hilbert space. If this were not the case,
a completely new understanding of supersymmetry would
be necessary. Moreover we follow the standard assumption
that the unphysical fields introduced by the quantization
do not contribute to the spontaneous parameters, i.e. op-
erators including them have vanishing VEVs. For SYM,
(14) together with the trace anomaly then leads to

〈Ω|Tµµ|Ω〉 = −β

g
〈Ω|L|Ω〉 = 4ε0 ≥ 0, (15)

and the VEV of the Lagrangian becomes the order param-
eter of supersymmetry breaking. The fact that the VEV
of the Lagrangian must be positive to enable supersym-
metry breaking is a severe constraint on the spontaneous
parameters of this theory. As a side-remark we want to
note that in our approach supersymmetry cannot be bro-
ken directly by a gluino condensate as the latter is the
lowest component in the defining superfield.

4.1 Supersymmetry and the sign of 〈Ω|FµνFµν |Ω〉
Following our assumption that explicitly broken SYM has
a similar vacuum structure as QCD, the number of sponta-
neous parameters seems to reduce to 〈Ω|TrFµνFµν |Ω〉 and
〈Ω|Trλλ|Ω〉. The remaining operators in the Lagrangian
should have vanishing VEVs and by the assumption of a
smooth dependence on m this should hold at the super-
symmetric point too. Thus (15) reads 〈Ω|TrFµνFµν |Ω〉 ≤
0, which is a remarkable result. Completely independent
of supersymmetry we can ask whether there exists a con-
straint on the sign of F 2 and all arguments suggest the
same result: 〈Ω|TrFµνFµν |Ω〉 ≥ 0 and supersym-
metry breaking seems to be excluded as the trivial result
〈Ω|F 2|Ω〉 = 0 remains only. For completeness we would
like to list some of the arguments.

(1) Sum rules. Based on the work by Shifman, Vainshtein
and Zakharov [64, 65] the value of 〈Ω|(F 2)QCD|Ω〉 has
been estimated to be about 0.250 GeV4 (see e.g. [66] for
recent results on this topic).

(2) Non-decoupling theorem. If the theory smoothly de-
pends on the gluino mass, we can study the limit m → ∞.
Indeed the trace anomaly leads to an interesting relation
(L still represents the SYM Lagrangian of (7)):

Tµµ = −β

g
L +

(
m

2C(G)
Trλλ+ h.c.

)
, (16)

β(g) = −βYM(g) + βλ(g), βYM > 0, βλ > 0.

Imposing the constraint that in the limit m → ∞ the
trace anomaly reduces to the known result of pure gluon
dynamics and taking the vacuum expectation value we get

βλ(g)
4g2C(G)

〈Ω|TrFµνFµν |Ω〉

= − lim
m→∞

(
m

2C(G)
〈Ω|Trλλ|Ω〉 + h.c.

)
. (17)

Of course this relation is only meaningful if SYM indeed
tends towards gluon dynamics in this limit. There is in
fact a simple constraint on this relation stemming from
the vacuum angle: Thermodynamical restoration of CP
violation [8, 20, 67, 68] leads in SYM with a gluino mass
to the following constraints [8]:

(ϑ− ϑV ) + argm = 0,
m〈Ω|Trλλ|Ω〉 = m̄〈Ω|Trλ̄λ̄|Ω〉. (18)

The fact that the resulting gluon dynamics must have
(ϑ−ϑV ) = 0 tells us that only real gluino masses can lead
to smooth decoupling, or else the vacuum angle ϑV makes
a jump. From the second relation we see that in this case
the condensate must be real. In the limit of a heavy mass
the expectation value of F 2 thus has an opposite sign of
the expectation value of the gluino condensate. The latter
sign is negative in analogy to QCD (this already follows
from PCAC analysis [69]; for a discussion within QCD see
e.g. [16, 70]). The notion of decoupling a particle by mak-
ing its mass heavy is intuitively pleasing, but it is of course
very difficult to make exact statements about the behavior
of the remaining degrees of freedom. Comparing the situ-
ation again with QCD the non-perturbative region could
be crucially different in the latter case: While in QCD
fractional winding numbers are excluded, they are not in
pure gluon dynamics (YM theory in the following) as well
as in SYM. The relevance of fractional winding numbers
for non-perturbative effects is a highly non-trivial prob-
lem. It is beyond the scope of this paper to discuss this
problem in detail, but the example again illustrates the
importance of BCs. If fractional winding numbers are as-
sumed to be relevant (see e.g. [16]) a smooth decoupling
of QCD towards YM is endangered. In contrast to QCD
SYM still decouples smoothly to YM and regardless of
this important difference we have to assume that SYM
with a gluino mass has a behavior similar to QCD. A dif-
ferent point of view has been discussed in [71]. Therein it
is argued that fractional winding numbers are irrelevant
in QCD as well as in YM theory. Then the above problems
disappear at the price of a new problem at the other end
of the mass scale: Now the ground state of SYM seems
to be degenerate [1] leading to domain walls [72, 73]. This
degeneracy is an effect of the specific choice of IR regular-
ization and disappears with fractional winding numbers
[16]. In the context of integer winding numbers the degen-
eracy is found to be lifted by a more involved study of the
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thermodynamical limit, as the phase of the condensate is
getting fixed by our program discussed in Sect. 2 [8, 74].

(3) Euclidean background fields. Stability conditions on
constant gauge fields have been studied in [75, 76] and its
significance as semiclassical ansatz for the YM vacuum has
been discussed in [77, 78]. These authors study the heat
kernel of Yang–Mills theories and therefore the constraints
have to be understood in Euclidean space. Nevertheless it
is worth mentioning the agreement of these results: Field
configurations are stable if 〈Ω|E2

M|Ω〉 = −〈Ω|E2
E|Ω〉 ≤ 0.

(4) Minkowskian background fields. The study of Min-
kowskian background fields in gauge theories goes back to
the work of Euler/Heisenberg [79] and Schwinger [80] on
QED that led to an important result: If F 2 < 0 the poten-
tial is not only away from its minimum but it is unstable,
i.e. the effective potential becomes complex. The gener-
alization of this analysis to YM theories and QCD has
been performed by Cox and Yildiz [81, 82]. Although non-
Abelian gauge theories are much more complicated than
QED we expect a complex effective potential for F 2 < 0
in the first case too.

5 Breaking supersymmetry
with 〈Ω|FµνFµν|Ω〉 > 0

Can we conclude that either supersymmetry is unbroken
or that at least for small m the vacuum structure is not
similar to QCD? We think that this conclusion is unwar-
ranted. On the level of the field content there exists an
important difference between QCD and SYM: the exis-
tence of auxiliary fields. They play an important role in
the breaking mechanisms of supersymmetry.

5.1 The Lagrangian as auxiliary field
and the limits of the geometrical approach

In the geometrical approach to the effective action there
exist two different types of auxiliary fields: the auxiliary
field of the classical field describing the effective action and
the auxiliary field of the underlying quantum theory. We
will refer to them as second- and first-generation auxiliary
fields respectively. In the construction of [2, 7] the local
part of the effective action, being expressed in terms of
the Lagrangian or anomaly superfield Φ (see (12)), is of
the form

Γ [Φ, Φ̄;m, m̄] = −
∫

d4θK(Φ, Φ̄;m, m̄)

+
(∫

d2θW (Φ;m, m̄) + h.c.
)
. (19)

The effective potential then reduces to [7]

Veff =
1
V 4 (−L̄gϕϕ̄L+ (LW,ϕ + h.c.)). (20)

If (19) should represent a meaningful Lagrangian in an ex-
pansion up to second order derivatives as in [2], gϕϕ̄ > 0

and the potential as a function of L is not bounded from
below and does not even have a local minimum. Looking
at the point m = 0 only, this is not surprising: L is the
auxiliary field which has a definite interpretation within
supersymmetry. The potential is getting maximized with
respect to L and the remaining (physical) potential is pos-
itive semi-definite. The concave potential of the auxiliary
field is harmless as long as the full effective action has no
derivative terms acting thereon: Its equations of motion
are algebraic and the negative semi-definite potential does
not have a physical meaning in the sense of our discus-
sion in Sect. 2. In contrast to a different interpretation of
the auxiliary field introduced below we call this behavior
non-dynamical. When studying a dependence on m how-
ever this behavior is particularly dangerous: Our extension
of the system has been arranged in a supersymmetry co-
variant way for any finite m. In a naive application the
above structure would be true even for large m and pure
gluon dynamics would have a reasonable approximation
in terms of an auxiliary field, i.e. its low energy approx-
imation would not have any derivative terms at all. The
ansatz would then be wrong for large m and thus for any
finite m and according to our discussion it would be use-
less for studying supersymmetry breaking. Of course such
a criticism of the work by Veneziano and Yankielowicz is
– as it stands – not acceptable: The effective Lagrangian
has been arranged for vanishing gluino mass and certainly
a naive extrapolation to finite masses does not capture all
dynamical effects that could take place in such a defor-
mation. In the remainder of this section we want to argue
that even a more careful treatment must lead to a similar
conclusion.

We will focus on the possibility of unbroken supersym-
metry atm = 0 which is the only scenario compatible with
(20). At m = 0 thus W,ϕ = 0 and W,ϕ < 0 is possible for
m 	= 0 leading to an acceptable VEV of F 2. If (19) shall
represent the full dynamics of the system our conclusion is
certainly correct: (19) has a positive semi-definite convex
potential in the physical fields for all values of m and the
number of derivatives is restricted to 2. By its construction
this effective action can never break down as the momen-
tum expansion is always exact and the potential always
stable – the discussion of the second statement is analo-
gous to the discussion of this point in the more general
model below.

We thus conclude that (19) does not represent the full
effective action, but it is assumed that the effective poten-
tial (20) describes at least qualitatively the correct min-
ima of the theory. This implies gϕϕ̄ > 0, otherwise the
potential is either trivial or not bounded from below after
eliminating the auxiliary field. In fact all other interpre-
tations fail to be applicable: A non-trivial phase of gϕϕ̄
would lead to an unstable potential and with gϕϕ̄ < 0 the
potential for the gluino condensate is not bounded from
below. Of course these strict conditions hold in the min-
imum only. Away from the minimum different complex
phases may appear.

The geometrical effective potential is embedded in a
more complex effective action including derivative terms
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Fig. 1. Possible forms of a non-trivial potential of the classical
Lagrangian. The new contributions can turn the maximum at
L = 0 into a minimum (left hand side) or they can move the
minimum away from the origin (right hand side). The dashed
line represents the perturbative potential in L, V = −L̄gϕϕ̄L,
the solid line the complete non-perturbative potential

and additional potential terms2. We cannot specify their
form but only some conditions: At m = 0 L is an auxiliary
field, or else there are dominant contributions to the ef-
fective potential not included in (20). At m → ∞ L must
become a dynamical field and the potential must have a
minimum in L with L0 < 0. This change of the behav-
ior of L implies the existence of a phase transition: The
effective potential is always in its allowed region, i.e. we
certainly have a real Veff for all m defined over the range
0 ≥ L ≥ −∞. Whatever the (static or dynamical) part of
the effective action is doing between m = 0 and m = ∞,
if it should turn L from an auxiliary field into a dynami-
cal field, the potential must at some point be completely
flat. Even if this is thought to be too strong a conclusion
in the given approximation the following points are cer-
tainly true: The potential is at some point zero at L = ∞
and there exists a region where it is (almost) flat around
the maximum (turning into a minimum). This is com-
pletely sufficient to see that the system would be unsta-
ble. Thus we conclude that there exists a phase transition
at some critical value of the gluino mass mc. There are
two qualitatively different ways how such a phase transi-
tion could look like as shown in Fig. 1 (remember the con-
straints L ≥ 0 and ImL = 0). The new contributions to
the potential above the phase transition can just turn the
maximum into a minimum leading to a formally smooth
value of L in the whole range of m or the value can make
a jump at the phase transition. Despite the fact that L is
smooth in the first case some other parameter has to make
a jump, the example just shows that L need not be the
order parameter distinguishing the two different phases.

2 The importance of some dynamical arguments in the fol-
lowing does not stand in contradiction to the limited relevance
of our effective action. If the extremization of the effective po-
tential leads to a maximum in some field, the latter must be
non-dynamical if the corresponding state plays any role in the
true ground-state. Our effective action may be incomplete at
p �= 0 as we may have missed some physics not reachable by
our extension. But this is not important here, as we only need
to know that there is some dynamics

We stress that this conclusion is correct even if our ef-
fective action does not represent the theory for all gluino
masses m (which will be important in Sect. 5.2). It could
happen that the set of relevant classical operators is dif-
ferent for different regions of the gluino mass. But the
question whether F 2 is dynamical or not is a problem of
physics that must be represented correctly in all possible
QEAs. Thus our conclusion is correct if F 2 is a relevant
low energy degree of freedom for all m, which is included
in our assumption of a QCD-like behavior.

Using again the comparison with QCD we expect the
phase transition at mc = 0. This possibility indeed exists
in the analysis of [7] and cannot be excluded in our discus-
sion. We just would like to stress the consequences thereof:
The phase transition is associated with the spontaneous
parameter of F 2, a non-perturbative effect. Such a phase
transition is particularly dangerous to all other non-per-
turbative effects, namely chiral symmetry breaking and
confinement, which have been implemented by assump-
tion. In fact, the solution in [7] suggests unbroken chiral
symmetry which is consistent with [2]. Besides these more
technical problems the system would be highly unstable
and we do not see how this could still be an acceptable
field theory.

In the alternative scenario a phase transition does not
exist and additional contributions to Veff are relevant even
at m = 0. In particular the effective potential does not
get maximized with respect to L, but minimized. This
does in principle not stand in contradiction to L being an
auxiliary field at m = 0, but opens new possibilities for
supersymmetry breaking.

This discussion shows that indeed the effective La-
grangian by Veneziano and Yankielowicz suffers from a
similar problem as the LEEA though it does not intro-
duce a IR regulator. The meaning of a hysteresis curve in
the context of this approach remains mysterious and thus
it is not a suitable ansatz in the light of our considerations
of Sect. 2.

5.2 The role of the fundamental auxiliary fields

We want to discuss some consequences of a scenario with-
out phase transition. In this scenario there appear explicit
derivative terms in the auxiliary field at least above some
scale of the gluino mass and thus the second-generation
auxiliary field L changes its character towards a physical
field. Many points of this section are highly speculative
and certainly more investigations are needed to develop a
concrete model where the effects proposed in the following
could be studied.

We have studied the second-generation auxiliary field
without noting the possible importance of the first gener-
ation. Indeed more carefully the constraint derived from
(15) reads

1
C(G)

〈Ω|Tr
(

1
4
FµνF

µν − 1
2
D2

)
|Ω〉 ≥ 0, (21)

and supersymmetry is broken if and only if the auxil-
iary field gets a non-perturbative VEV with 〈Ω|D2|Ω〉 >
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(1/2)〈Ω|F 2|Ω〉. The fact that supersymmetry breaking is
driven by the VEV of the auxiliary fields is an old wisdom
from perturbation theory [83, 84]. As many restrictions on
perturbative supersymmetry (by assumption) hold in the
non-perturbative region too, the importance of the aux-
iliary fields therein is not surprising. Breaking supersym-
metry by postulating non-trivial dynamics of the auxil-
iary fields does certainly not look very appealing, but un-
der the given assumptions it is a correct and necessary
proposition. We want to point out some restrictions and
consequences of this scenario.

Non-trivial dynamics of the auxiliary field leads to a
complete breakdown of the supersymmetry covariant ap-
proach: As the auxiliary field changes its character to-
wards a physical field, the extremization of the potential
must lead to a minimum and non-geometrical contribu-
tions are relevant. Moreover all supersymmetry covariant
expressions (sources and BCs) depend on the combina-
tion L = −(1/4)F 2 + (1/2)D2 only. Of course we can
determine the minimum δLVeff(L0, L̄0;m, m̄) = 0. As L0
is directly related to the goldstino coupling the covari-
ant effective action has still a meaning at least for small
masses m where the (pseudo-) goldstino is a special par-
ticle. Above this scale the combination loses its meaning
and the physics is probably not described by these com-
binations any more. In contrast to the case with a trivial
auxiliary field 〈Ω|D2|Ω〉 = 0 however, the goldstino cou-
pling is not a primary object but we have to study F 2

and D2 independently. Trying to impose a constraint on
supersymmetry covariant objects only leads to difficulties:
Infinitely many combinations of the gluon and the auxil-
iary field lead to a specific value of L (even for L = 0).
In the IR regularization or in a semiclassical calculation
this leads to a summation over all these combinations,
and the VEV of a single operator F 2 or D2 is no longer
well defined. By treating the two operators as indepen-
dent objects L(m) (or the dependence of L on any other
external parameter) describes a line in the F 2–D2 plane.
Unbroken supersymmetry would imply that the line starts
at the origin (supersymmetric point) and that F 2 devel-
ops a VEV as m increases. For broken supersymmetry the
shape of the line is unknown. It starts at some point with
2D2 > F 2 and this constraint is fulfilled within the range
of the pseudo-goldstino being a special particle. Above
this range the combination L is no longer meaningful, and
thus the line is unimportant (or perhaps not even defined).
Besides L(m) which could be calculated for small m by a
chiral perturbation theory for the goldstino and in the
large m limit by using YM results, independent knowl-
edge of one of the two involved basic operators is needed.
Finding this line would answer many open questions about
dynamical symmetry breaking in SYM and must be one
of the main areas of future research.

In this scenario supersymmetry breaking is a non-per-
turbative non-semiclassical effect: It can be established
from an IR regularization mixing the physical fields with
the auxiliary field, only (i.e. the separation of the path
integral into a physical and an auxiliary field part is no
longer possible). Clearly spaces allowing the definition of

instantons are not sensitive to non-perturbative effects of
D2. Instanton calculations have been performed in dif-
ferent regions [3–5] and have found to be consistent with
each other within the semiclassical approximation [85, 86].
In agreement with our discussion supersymmetry does not
break by instanton induced effects.

Which are the spaces that make effects from auxiliary
field visible? A simple analysis of the above separation
condition shows that source extensions alone are useless.
Some sources like the goldstino source couple the auxiliary
field to the physical ones. But neither do they lead to
derivative terms in the auxiliary fields, nor do they change
the sign of the potential, as this requires effects from non-
renormalizable operators. There is room for speculations
within more general BCs, as non-renormalizable operators
can now be included, but at the moment we are not able
to suggest any concrete calculation that could test our
proposition.

Do the auxiliary fields turn into physical fields com-
pletely or are they still non-dynamical in the end? If
〈Ω|D2|Ω〉 	= 0 this can only be due to quantum fluc-
tuations and there must be a finite correlation 〈Ω|D(x)
U(x, y)D(y)|Ω〉 	= 0 at least for small distances. This all
happens due to an infrared effect and thus at least in this
region the auxiliary field is indeed a physical field. Two
different interpretations are possible: The first-generation
auxiliary field is non-dynamical regardless of the value of
m after removing all IR regularizations. Thus we catch all
its important effects by replacing D2 by its VEV in the
classical Lagrangian. This leads to an alternative interpre-
tation of this constant: Hughes and Polchinski [87] have
shown that (14) can consistently be generalized to

∫
d4x∂µ〈Ω|TSµα(x)S̄νβ̇(0)|Ω〉 = 2σρ

αβ̇
〈Ω|Tνρ|Ω〉 + C,

(22)
where C is a dynamical parameter and exactly represents
the VEV of the fundamental auxiliary field after its elim-
ination.

In the second interpretation the first-generation aux-
iliary field remains dynamical in the thermodynamical
limit. At the moment this is pure speculation and we can-
not give any similar model where this would happen.

Two important points in our discussion are highly spec-
ulative.

(1) The first point concerns the new contributions to the
effective action, which are not of the form (11) chang-
ing the potential of the second-generation auxiliary field
and leading to derivative terms thereof. The existence of
such contributions immediately raises the questions of the
realization of supersymmetry on the level of the QEA
and of the validity of a momentum expansion of the lat-
ter. It is beyond the scope of this paper to answer these
questions here. A simple model of this type will be pre-
sented elsewhere [9]. We also want to note that within a
quite different context the effect of turning an auxiliary
field into a dynamical one is known: in effective actions
of SQCD based on gauged non-linear sigma models [88–
91]. We should be careful in drawing any conclusions from
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this, but the effect itself shows that the application of su-
perspace geometry is not at all straightforward.
(2) Moreover, it is not understood which role the stability
constraint from Sect. 4.1 plays from the point of view of
the fundamental theory. All arguments in this paper have
been semiclassical and we do not know exactly to what
objects the symbols 〈Ω|F 2|Ω〉 and 〈Ω|D2|Ω〉 refer to. The
dynamics and the VEV of the first-generation auxiliary
field discussed in this section apply to the semiclassical
object 〈Ω|D2|Ω〉 and at the moment we are not able to
conclusively relate this object to any known characteristic
of the underlying theory.

Finally we want to point out that the assumption of
vanishing VEVs in the ghost sector does not contradict
our proposition of a non-trivial D2: The quantization of
gauge theories can be performed in many different ways
and depending on the procedure different unphysical fields
appear. The existence of the auxiliary fields in supersym-
metry however is unambiguous in the classical and quan-
tized theory.

6 Discussion of the N = 1 result

Before going into the discussion of our results we want to
summarize the four different low energy behaviors of SYM
that we found.
(1) Supersymmetry is unbroken.
(a) Neither first- nor second-generation auxiliary field re-
ceive non-perturbative contributions. This implies the ex-
istence if a phase transition in the variation of the gluino
mass with mc = 0. We expect that all condensates vanish
and conclude that the theory does not have an acceptable
infrared behavior.
(b) The first-generation auxiliary field can be eliminated
consistently but the potential in L has a minimum due to
non-perturbative contributions. For m = 0 the minimum
must be at L = 0 and supersymmetry is unbroken.
(c) Neither first nor second-generation auxiliary field be-
have non-trivially, but the minimum for m = 0 is still at
the supersymmetry conserving point.
(2) Both auxiliary fields get non-perturbative contribu-
tions and supersymmetry breaks dynamically.

For (1a) the structure of the vacuum has been dis-
cussed. Especially in the cases (1b) and (1c) the latter
is unknown as the geometrical approach for effective La-
grangians does not lead to the correct results. From our
point of view it would be very surprising if the auxiliary
fields could get non-trivial contributions without break-
ing supersymmetry. Provided N = 1 SYM does exist as a
quantum theory and can be described at low energies by
the effective action defined in this work, the favorite for
its low energy behavior is the scenario (2).

6.1 Dynamical supersymmetry breaking
and the Witten index

When we want to give an interpretation of our discus-
sion two questions arise: Although the LEEA or low en-

ergy effective Lagrangian approaches have serious concep-
tual problems, the result derived therefrom could anyway
happen to be correct. Can we exclude this? Besides this
semiclassical approximation other arguments for unbroken
supersymmetry have been given. What is their relevance
within our discussion?

One part of the first question has already been an-
swered in the last section: We cannot exclude a phase tran-
sition at m = 0. The resulting theory has 〈Ω|F 2|Ω〉 = 0
and the analysis of [7] suggests 〈Ω|λλ|Ω〉 = 0 as well (this
solution stands in agreement with [2], further discussions
of this state have been given in [5]). As all spontaneous
parameters vanish we expect that the theory is not con-
fined either. Besides the instability to perturbations we do
not expect the IR problem to get solved. Apart from this
both solutions (the one of [2] as well as the one of [7]) are
probably incomplete as they do not have the correct ana-
lytical structure. In [7] F 2 < 0 everywhere except at the
origin; [2] has F 2 < 0 in the region between the chirally
symmetric and the chirally broken minimum. None of the
two generates a complex phase within these regions and
the strict constraints of the geometry make it difficult to
include this instability (notice that the metric gϕϕ̄ must
by its construction be independent of L).

Besides the LEEA we have discussed the instanton cal-
culations and we do not want to go more into details.
An important argument against supersymmetry break-
ing seems to be the Witten index [1]. We want to give
a brief comment on the work by Witten. Three ingredi-
ents are crucial to come to the conclusion that supersym-
metry must be unbroken: holomorphic dependence, inde-
pendence of the boundary conditions and availability of
perturbation theory. Due to the holomorphic dependence
of the superpotential we only need to answer the question
of supersymmetry breaking for one (non-vanishing) value
of the coupling constant (the latter is of course chosen
to be small). Now Witten explicitly states that the index
of an operator (and thus the fundamental characteristics
of a trial vacuum state) is independent of the boundary
conditions and that he thus is allowed to choose them ar-
bitrarily. In this general form we do not agree with this
(see Sect. 2). After choosing boundary conditions that at
least allow one to do perturbation theory of the models in
question, Witten argues that this is enough to calculate
the index. To decide whether this simplification is allowed
or not we have to clarify the meaning of the phrase “a
theory in its perturbative region”: It can mean that per-
turbation theory gives a reasonable approximation to the
true result, although the series need not converge, or it can
mean that the series really converges. An example of the
first kind of understanding is the vacuum of a non-Abelian
gauge theory with small coupling constant. There are non-
perturbative effects (chiral symmetry breaking, dynami-
cal mass gap), but these effects are very small and thus
the non-convergent perturbative expansion can neverthe-
less give a good approximation. It is often speculated that
QCD in the deconfined phase is an example of the second
kind. Indeed all known effects of non-perturbative dynam-
ics seem to vanish and it could be that the perturbative
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expansion now converges. Which kind of interpretation
should we use if we want to show that supersymmetry is
unbroken? Certainly the first one. Supersymmetry is un-
broken if and only if the vacuum energy is exactly zero. For
small coupling constants a (non-perturbative) supersym-
metry breaking effect may be suppressed exponentially;
this does not help as the holomorphy argument is imme-
diately useless if the effect does not vanish completely.
Certainly we cannot show that the perturbation series for
supersymmetry with small coupling constant in a finite
volume really converges.

Can the special structure of Witten’s calculation us-
ing a version of the Atiyah–Singer index theorem justify
a perturbative calculation? An argument has been given
in [1] that this could be true: Consider an operator with
non-zero index (say n 	= 0) in perturbation theory. If the
index shall become zero non-perturbatively we cannot ar-
gue that the n states move away from zero a little bit:
Supersymmetry only allows pairs of states with non-zero
energy and thus the index remains n. Non-perturbative
corrections therefore have to change the spectrum com-
pletely. Witten argues that such a correction would change
the asymptotic behavior of the potential and he assumes
that non-perturbative contributions cannot do this (at
least for small coupling constants). We do not agree with
this conclusion. The effect of non-perturbative contribu-
tions is exactly to change the potential in such a way:
Confinement indeed changes the spectrum of the theory
completely and we expect that this could also change the
asymptotic behavior of the potential. Within the whole
discussion the actual value of the coupling constant is com-
pletely irrelevant (as long as it is non-zero). This differ-
ence between the asymptotic behavior of the perturbative
and the non-perturbative potential (for fixed value of the
coupling constant) does not at all stand in contradiction
to the fact that the non-perturbative potential is not al-
lowed to change its asymptotic behavior when varying the
coupling constant. These are two completely independent
properties of the (perturbative and non-perturbative) po-
tential. For additional discussions of related problems in
a semiclassical analysis we refer the reader to [77].

Even if the Witten index would be a correct analysis
of the theory within the special choice of boundary condi-
tions, its consistent interpretation within our framework
is quite easy: The author uses BCs that do not break su-
persymmetry. Thus we cannot expect that he will find a
supersymmetry breaking state at large volume. Assuming
that the state found in the limit is a reasonable candidate
for the ground state, is there any argument that it must be
the true ground state? We have seen that this is not true in
general and – in contrast to a common misunderstanding
of constraints from supersymmetry – the latter does not
help in this situation. The supersymmetric trial vacuum
minimizes the VEV of the energy-momentum tensor but
(as a function of the classical fields) this is certainly not
the correct quantity getting minimized by the true ground
state (on the semiclassical level this has been discussed for
YM in [77]). The analogy of the energy-momentum tensor
and the effective potential holds in perturbation theory

due to the non-renormalization theorem, but the latter
need not be valid in the non-perturbative region: Denot-
ing by ϕ0 the value of the fields at the minimum of the
effective potential, the consequences of (14) for perturba-
tion theory are

〈Ω|Tµµ|Ω〉 ≥ 0 ⇒ Veff(ϕ0) ≥ 0, (23a)

while a possible scenario of non-perturbative supersym-
metry breaking is

〈Ω|Tµµ|Ω〉 > 0 ⇔ Veff(ϕ0) < 0. (23b)

The VEV of D2 shows in a very simple way how Witten’s
vacua become irrelevant: The minimum in the effective
potential lies at L0 > 0 and Veff(L0) < Veff(0), but clearly

〈Ω|Tµµ(L0)|Ω〉
= −1

4
〈Ω|FµνFµν(L0)|Ω〉 +

1
2
〈Ω|D2(L0)|Ω〉

> 〈Ω|Tµµ(0)|Ω〉. (24)

The effect can take place as the wrong sign from the
classical potential remains in the energy-momentum ten-
sor while it is changed in the effective potential by non-
semiclassical contributions.

Though we do not agree with Witten’s interpretation
of his calculation, the index can nevertheless unravel inter-
esting properties of dynamical supersymmetry breaking:
If the index of a theory within a certain choice of BCs is
found to be non-zero, supersymmetry can break dynami-
cally if and only if one of the following points applies.
(1) The full non-perturbative potential has a asymptotic
behavior different from the approximation used to calcu-
late the index.
(2) There exist non-perturbative effects that do not re-
spect the non-renormalization theorem and that destroy
the perturbative equivalence between the vacuum energy
and the minimum of the effective potential (cf. (23b)).

According to our present knowledge both effects are
not only non-perturbative but also non-semiclassical.

6.2 Different results from different geometry?

All results of Sect. 5 are valid under specific assumptions
on the properties of SYM under quantization, only. There
still exists the possibility that the specific choice of the
geometry is wrong and not the geometrical approach it-
self. We want to make some comments on this problem.
The strategy of the approaches discussed in this work is to
use solely gauge singlets as classical fields. Following the
philosophy of semiclassical approximations not to include
non-physical fields from the quantization of the theory, the
source extension is then complete and unique. There exists
exactly one superfield invariant under full SUSY-gauge
transformations whose highest component is a candidate
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for the classical action (if there would exist any other su-
perfields, our classical Lagrangian would not be the most
general one obeying all symmetries and we would have
to include this superfield in the action). Moreover, there
exists exactly one possibility to extend the coupling con-
stant supersymmetry covariantly to a superfield. Thus we
expect that all other source extensions at least partially
break supergauge invariance. We can illustrate this on the
basis of the simplest generalization of our extension: The
chiral source extension is problematic as the fundamental
structure of the action is not chiral. Thus it would be most
natural to consider the action as an integral over full su-
perspace and to introduce a full source multiplet. We call
the new multiplets Φf and Jf with

(Φf )|θ2θ̄2 = L, (Jf )| = τ. (25)

If the chiral extension is indeed inconsistent on the level
of quantum operators, the operator superfield associated
with Φf , Φ

op
f enters in some expression in a non-chiral way,

e.g. as Φ̄op
f Φ

op
f . In principle this does not yet imply that

the effective action cannot be described by the geometry
of a chiral superfield: If all non-chiral contributions vanish
after taking the vacuum expectation value, the effective
action depends on Φ = D̄2Φf only and the chiral geome-
try is restored with all the problems discussed in this work.
If the non-chiral expressions do not vanish on the level of
classical fields all descriptions based on the chiral exten-
sion are essentially incorrect. This especially means that
the true ground state of SYM theories can only be found
by considering gauge-symmetry breaking sources and the
associated operators must have an important influence on
the structure of the ground state! Besides the fact that
supergauge symmetry now breaks dynamically, probably
no straightforward interpretation of such a result could
be given as the low energy structure of SYM now could
depend on the unphysical components of the prepotential.

Within the context of non-standard geometries we
should address another problem: the representation of the
glueball. Indeed we have tacitly assumed that the oper-
ator F 2 is directly related to the lowest glueball state.
This is not at all obvious but emerges from the fact that
F 2 is the only purely gluonic, renormalizable and gauge-
invariant operator. In principle there exists a simple way
to keep L consistently an auxiliary field: we have to intro-
duce different operators for the second-generation auxil-
iary field and the glueball operators, respectively. Based
on the Lagrangian by Veneziano and Yankielowicz this has
been proposed by Farrar et al. [92]. The authors observe
that after splitting the classical Lagrangian into two inde-
pendent fields for the real and imaginary part respectively,
the fields can be recombined to a new superfield U called
a constrained three-form multiplet (introduced in [93] and
used to describe a gauge theory based on a super three-
form). This new superfield contains additional degrees of
freedom identified with the glueballs, the original super-
field is found again by the relation D̄2U ∼ Φ whereby U is
real. The authors then construct an effective Lagrangian
in U that cannot be written in terms of Φ and derive the
spectrum of the glueball states from it. From our point

of view the procedure is problematic. The classical fields
are not primary objects but rely on a source extension
of the Lagrangian. The source extension corresponding to
this extended system is not given in [92]; we suspect that
it does not exist at all. From the relation D̄2U ∼ Φ we
conclude

Uop ∼ AαWα +X

D̄2X = 0 ⇒ X = D̄α̇Yα̇,
(26)

with Aα = −i(eVDαe−V ) representing the spinorial con-
nection. It is easy to check that the reality condition is
incompatible with the above structure. If the source ex-
tension shall be defined on the basis of the operator super-
field Uop ∼ AαWα+h.c. all the terms not compatible with
the constrained three-form multiplet would have to vanish
when taking the vacuum expectation value. But with this
choice we immediately get into new difficulties: Obviously
the so-called glueball states (e.g. the lowest component of
U , identified with the scalar glueball) are not supergauge
invariant and are moreover not at all gluonic operators but
depend on the non-gluonic physical fields as well as on the
non-physical ones. The example shows that it is very dif-
ficult to include glueball states which are not associated
with F 2. Of course this does not mean that our solution
must be correct, but within all approaches discussed in
this work there is simply no way to describe a glueball
not associated with the classical field of F 2. A different
picture could be described within a model including non-
renormalizable operators as low energy degrees of freedom
only.

Recently it has been speculated that the operator
AµA

µ could have a non-trivial meaning in the QCD vac-
uum [94, 95]. The local version of this operator is (due to
gauge invariance) no candidate for a glueball state, but
the integral over it could indeed be relevant. We are not
able to give further comments on these calculations at
this point. Even if this would be a promising ansatz to
understand non-perturbative effects in the gluonic sector
it would probably be very difficult to include this into our
approach to SYM.

7 Some comments
on more complicated models

Let us finally make some remarks on more complicated
models: Can the inclusion of matter help? We are not
able to give a final answer but would like to point out
some problems: If we consider SQCD with large masses
the only new contribution to the trace anomaly (the quark
condensate) has again the wrong sign from the point of
view of supersymmetry. If the masses are small the sit-
uation is more complicated due to possible contributions
from scalar VEVs. At zero mass the new problem of a
classical moduli space arises. In the LEEA approximation
[39–41] the latter is found to be lifted and the low en-
ergy structure is again a SYM theory. In the light of our
discussions this result is again problematic.
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We want to analyze N = 2 SYM a little bit more in
detail. Within N = 2 superspace the action is given by

L =
∫

d4θτTr(W 2) + h.c.

=
1

C(G)
Tr

(
1
g2 [Dµ, C̄][Dµ, C] +

i
g2λ

iασµαα̇[Dµ, λ̄
α̇
i ]

− 1
4g2FµνF

µν − ϑ

32π2FµνF̃
µν

+
1

4g2H{ij}H{ij} +
1
g2C[C, C̄]C̄ +

i√
2g2

C{λ̄iα̇, λ̄α̇i }

− i√
2g2

C̄{λαi , λiα}
)
, (27)

with the chiral N = 2 multiplet (written in N = 2 Wess–
Zumino gauge)

W (x, θαi ) =
√

2C(x) +
√

2θαi λ
i
α(x) + θαβvαβ(x),

+ θijH
ij(x) + ϑαi χ

i
α(x) + θ4D(x),

vαβ =
i
2
σµναβFµν ,

χαi = i
√

2(σ̄µ)α̇α[Dµ, λ̄iα̇] +
i√
2
[C̄, λαi ],

D =
√

2[Dµ, [Dµ, C̄]] − 1√
2
[C̄, [C̄, C]]

− i{λ̄iα̇, λ̄α̇i }. (28)

When breaking N = 2 SYM we have two choices: We can
break directly both supersymmetries or we can break the
theory down to N = 1. Let us look at the first case. We
define the source multiplet

J(x) = τ(x) + θαi ζ
i
α − 4θijmij(x) + θαβwαβ

+ ϑαi κ
i
α + 4θ4M2(x), (29)

which has to obey the stability condition [8]

Re(τ) ≥ 0, g2ρ2 ≥ |M2 + g2µ2|, (30)

with µ2 = m̃Am̃A, ρ2 = m̃Am̃A; mi
j = −i((τA)ij/2)m̃A.

Note that the stability constraint forbids one to choose
the scalar mass term M2 to be non-zero while keeping
the fermions massless (mij = 0). To establish the non-
decoupling theorem of N = 2 → N = 0 we should start
from the trace anomaly of N = 2: Tµµ = −(β/g)L. In
contrast to N = 1 the Lagrangian is now much more com-
plicated and we cannot assume that the field-strength ten-
sor is the only physical operator receiving a vacuum ex-
pectation value. Moreover the energy-momentum tensor
is conserved for vanishing sources only, and thus we can-
not expect that the trace anomaly is ∼ L for J 	= 0. We
thus have to define a covariant energy-momentum tensor
that is conserved for any value of the sources [74]. The ba-
sic structure of the trace anomaly of this covariant e.-m.
tensor for any value of the sources must be given by

Tµµ = −β

g
A+

2
C(G)

(M2TrC2 + h.c.) −

− 1
C(G)

(mijTrλiλj + h.c.)

+
4

C(G)
Tr(mijC + m̄ijC̄)2 +B, (31)

where A = −1/(4C(G))FµνFµν + A′, and B represents
any additional terms independent of the sources. Now we
split the β-function into

β(g) = −bYM + bλ + bC . (32)

Without dropping any terms the non-decoupling theorem
then reads (omitting the ground-state brackets)

−bλ + bC
g

A+
bYM

g
A′

= − lim
m→∞

(
2

C(G)
(M2TrC2 + h.c.)

− 1
C(G)

(mijTrλiλj + h.c.)

+
4

C(G)
Tr(mijC + m̄ijC̄)2 +B

)
. (33)

Here m → ∞ means any limit degenerating the theory to
YM and respecting the stability constraints. If the
fermions and scalars decouple from each other in the heavy
mass limit (i.e. the VEVs of fermionic operators do not
depend on the scalars and vice versa) we recover the stan-
dard non-decoupling theorem if 〈Ω|A′|Ω〉 = 〈Ω|B|Ω〉 = 0.
Using a formulation of the sources in terms of N = 1 su-
perfields one can see that the non-decoupling theorem of
the fermions agrees with the one of a single Dirac fermion.
A note about the auxiliary fields: Of course they could
have a VEV for vanishing sources, but as discussed for
N = 1 we expect the latter to disappear at some finite
scale of the mass parameters.

More interesting than breaking both supersymmetries
turns out to be the partial supersymmetry breaking. Now
only one component of mij is growing large, giving a mass
to the scalars as well as to one gluino. The trace anomaly
need not be N = 2 supersymmetric, but it must still re-
spect N = 1 supersymmetry. We then end up with the
following non-decoupling theorem for the fermions:

bψ
g3C(G)

〈Ω|
(

1
4
TrFµνFµν − 1

2
TrD2

)
|Ω〉

= − lim
m→∞

m

2C(G)
〈Ω|Trψψ|Ω〉, (34)

where ψ is the massive gluino in the N = 1 language. We
argued in this work that

〈Ω|((1/4)TrFµνFµν − (1/2)TrD2)|Ω〉 < 0

which would imply 〈Ω|Trψψ|Ω〉 > 0, a clearly unaccept-
able result. To banish again the vacuum expectation value
of the auxiliary field does not really cure the problem. It
would imply 〈Ω|Trψψ|Ω〉 → 0 for m → ∞ which does
not at all fit with our expectations. This short analysis
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shows that our arguments about N = 2 have probably
been too simple; similar questions may arise when study-
ing the signs of the scalar condensates. We cannot yet give
an acceptable interpretation of this problem but have to
postpone this to future investigations. Of course SQCD
will have a similar behavior when decoupling some quark
superfields.

Let us finally look at N = 2 SYM near the symmetry
conserving point. Is there need for a vacuum expectation
value of the auxiliary fields as in N = 1? When reducing
the potential to

V = V (φ) =
1

g2C(G)
Tr[φ, φ†]2 (35)

as done by Seiberg and Witten [37] all contributions to
the trace anomaly are negative semi-definite

〈Ω|Tµµ|Ω〉 = −β

g
〈Ω|L|Ω〉

→ β

g3C(G)
〈Ω|Tr[φ, φ†]2|Ω〉 ≤ 0, (36)

and supersymmetry is broken if and only if the auxiliary
field changes its character. Completely analogous toN = 1
the problem of a phase transition emerges. The situation
is even more delicate than in N = 1: If the Seiberg–Witten
solution is correct while N = 1 is broken, N = 2 needs not
only be protected from YM theory but also from N = 1
SYM and we end up with a phase transition in the gluino
mass. This phase transition is again expected at m = 0
and is associated with a jump in the modulus. If on the
other hand the N = 2 auxiliary fields get a vacuum expec-
tation value, the auxiliary field of the matter field must be
non-trivial at least for small values of the breaking param-
eters. This raises the question of the role of these auxiliary
fields that could not be considered in this work. However,
the structure of N = 2 SYM is much more complicated
and we thus should be careful with these statements. It
only shows that the solution by Seiberg and Witten suffers
from the same problem as N = 1 SYM.

Considering the special structure of N = 2 theories a
new question arises: It has been shown by Olive and Wit-
ten [96] that a theory with classically vanishing central
charges can develop these dynamically leading to mag-
netic monopoles. This behavior is an important assump-
tion in the solution by Seiberg and Witten for N = 2
SYM and SQCD. The existence of magnetic monopoles
within a full quantum theory (i.e. not as semiclassical
approximation) is however unclear. Striebel [97] showed
that the finite energy solutions of the magnetic monopoles
solely exist if the background field of the full gluon sec-
tor vanishes. This does not have direct implications for
the solution by Seiberg and Witten. These authors look
at the gauge group SU(2) as broken down to U(1) only.
Then we indeed expect that F 2 vanishes. When choos-
ing a more complicated gauge group however we will in
general end up with partial breaking of gauge symmetry.
F 2 	= 0 then implies the absence of magnetic monopoles
and the dynamical generation of central charges is endan-

gered. Within theories with more than one supersymme-
try this scenario could possibly lead to a second important
constraint (besides the discussed sign of F 2).

8 Summary and conclusions

In this paper we presented the basic tools needed to test
dynamical symmetry breaking in the context of supersym-
metric quantum field theories and we discussed the appli-
cation thereof to the simplest interesting model, N = 1
SYM.

We showed thatN = 1 SYM comprises a unique source
extension, being covariant under all supersymmetries
while conserving gauge symmetry. From the fundamen-
tal concept of studying symmetry breaking as a hystere-
sis effect, this source extension alone can and must be
used to answer the question of dynamical supersymme-
try breaking. We explained in detail the connection of our
procedure to the thermodynamical limits and classified it
in the context of exactly solvable as well as other field
theories: In a four-dimensional theory with a non-pertur-
bative sector (or any other theory that cannot be solved
axiomatically) this concept is the only one which allows
us to determine the ground state. We discussed in detail
why other low energy approximations (some of these also
called effective action or effective Lagrangian but concep-
tually different from the quantum effective action) are not
suitable tools to answer the question of dynamical super-
symmetry breaking – nevertheless, after identifying the
correct ground state from a complete study of thermody-
namical limits (or after extracting it from experimental
results) these concepts can be useful to describe the dy-
namics over this state.

We discussed the relevant thermodynamical limit ex-
plicitly under the assumption that extrinsic supersymme-
try is realized on the effective potential as superspace ge-
ometry on the level of the classical fields. We discussed in
detail the assumption that can and must be made in or-
der to be able to make any statements but leave the ques-
tion of dynamical supersymmetry breaking open. We gave
some comments about this construction from the point of
view of perturbation theory. Especially we motivated that
unbroken supersymmetry in the non-perturbative region
is rather assumed than found as a result.

Comparing the semiclassical analysis of QCD with our
result leads to the observation that the sign of the vacuum
energy (being defined as the vacuum expectation value of
the energy-momentum tensor) of SYM lies in a unphysi-
cal region from the point of view of QCD. This raises the
question of possible connections of these two theories. On
the semiclassical level this can be established by means
of non-decoupling theorems and they lead to a surprising
conclusion: The specific form of the superpotential result-
ing from supersymmetric non-linear σ-models implies the
existence of a phase transition separating supersymmet-
ric theories from non-supersymmetric ones. We discussed
this in detail for N = 1 SYM and found that the phase
transition in the gluino mass must be at m = 0. How-
ever, a supersymmetric theory protected by a phase tran-
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sition would not obey minimal thermodynamical stability
conditions and the infrared problem at the supersymme-
try preserving point is not getting removed. Moreover a
phase transition leads to a serious conceptual problem:
Lacking understanding of non-perturbative effects, they
are included in all standard approximations by assump-
tion in comparison with theories realized in nature. Such
assumptions based on physical arguments are clearly un-
founded if the theory does not have any connection to a
physically relevant model.

To get an acceptable behavior we conclude that the
phase transition does not exist. The effective potential
receives important contributions that cannot be written
in terms of standard non-linear σ-models. This is closely
related to the question of the relevance of the auxiliary
fields, as the potential of the latter is now getting changed
by non-perturbative effects. This removes all potential in-
stabilities in the infrared region, but supersymmetry is
completely run over by chiral symmetry breaking, confine-
ment and the dynamical formation of a mass gap. We are
not able to show from first principles that supersymmetry
must break dynamically, but even assuming the possibility
of conserved supersymmetry in this new scenario has dras-
tic consequences. The low energy behavior thereof would
be completely different than the standard solutions from
effective Lagrangians or instanton calculations: All these
results are based on the assumption that supersymmetry
on the level of classical fields is still realized as an integral
over superspace. For our new solution we have to modify
this picture.

At the current status of the discussion we are not able
to decide whether N = 1 SYM breaks supersymmetry
dynamically or not. However the illustration of the dif-
ferent arguments and restrictions in favor of and against
dynamical supersymmetry breaking unraveled the follow-
ing point: Within the theoretical discussion there exists
an important difference between theories accessible in ex-
periments (QCD) and others (SYM or SQCD). For the
first class different approximations to the low energy dy-
namics using semiclassical and/or momentum expansion
have been very successful. The application of such tech-
niques often draw upon the known vacuum structure of
the theory and thus describe the dynamics over this struc-
ture only. In supersymmetry this restriction is obviously
impossible and thus it has been tried to use the same tech-
niques for both, the determination of the vacuum struc-
ture and the description of the dynamics. This ansatz led
to a consistent description of many supersymmetric gauge
theories.

Our discussion shows that these results are neverthe-
less problematic. All tools used above factor out important
aspects of the low energy dynamics, namely non-pertur-
bative non-semiclassical effects. Though the consistency of
the standard picture of supersymmetry strongly suggests a
coherence of all these models within the given approxima-
tion, we showed that important non-semiclassical effects
cannot be excluded, neither by LEEAs, nor by instanton
calculations or by the Witten index. We thus propose to
re-analyze the structure of the ground state including the

full dynamics of the system, which is done by using the
QEA as fundamental object. Such an ansatz asks for a
completely new interpretation of superspace geometry and
of the role of the auxiliary fields. Many aspects therein are
still unclear and though some promising progress towards
an understanding of such models has been made recently
(presented in [9]), a concrete model describing at least
N = 1 SYM in not yet in sight. Whatever such a model
will look like, we can foresee that it will not be compati-
ble with the LEEA or effective Lagrangian description of
the theory, as the standard superspace geometry used in
the latter approaches cannot be relevant in the first case.
In this situation we conclude in analogy to QCD that the
QEA must be the more fundamental object. Therefore in
our opinion the LEEA has to conform to the results from
the QEA.

Many other questions are still open. Even on the level
of N = 1 SYM the vacuum expectation value of the La-
grangian now consists of two different operators that can-
not be separated in a supersymmetry covariant way. How-
ever, independent knowledge about each of them is needed
to learn about the principles of supersymmetry breaking,
especially about the goldstino coupling. In more compli-
cated models this becomes even more important. As an
example confinement could be realized in N = 2 SYM
by trilinear Yukawa-like condensates, but supersymmetry
connects the corresponding operators to the scalar poten-
tial and to FµνFµν . When coupling matter fields to N = 1
or when breaking N = 2 explicitly to N = 1, the role of
the matter auxiliary field F must be studied. The latter
can no longer be eliminated naively: In N = 2 F and
D are related by the internal SU(2) symmetry and more
generally the elimination leads to unacceptable decoupling
behaviors. An interpretation could possibly be found by
studying the structure of the energy-momentum tensor:
Therein the F fields are important for the correct break-
ing of superconformal invariance and could play a similar
role as the D field in N = 1 SYM.
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